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Implicit High-Order-Accurate-in-Space Algorithms
for the Navier-Stokes Equations

John A. Ekaterinaris*
Nielsen Engineering and Research, Inc., Mountain View, California 94043-2212

High-order-accurate, alternating direction implicit schemes have been developed. These schemes can be used
to obtain efficiently high-resolution numerical solutions of the compressible Euler and Navier-Stokes equations.
Implicit solvers compatible with both centered and upwind schemes for the discretization of the convective terms
are discussed. For centered space discretization of the convective fluxes, fourth-order spatial accuracy of the implicit
operators is obtained at no additional computing cost by performing compact space differentiation. This implicit
compact scheme, which requires block-tridiagonal matrix inversions, is used to obtain viscous and inviscid flow
solutions in curvilinear coordinates. In addition, high-order-accurate-in-space implicit operators are obtained for
diagonalized schemes, which require scalar matrix inversions. Both high-order algorithms improve convergence
characteristics for subsonic and transonic flow compared to second-order-accurate-in-space implicit schemes.
High-order-accurate-in-space implicit algorithms, compatible with upwind, high-resolution shock-capturing total
variation diminishing schemes, are also developed. Third-order-accurate, upwind-biased, diagonalized algorithms
were found to be as accurate and more efficient than the standard block-tridiagonal, implicit solvers.

I. Introduction

N recentyears, there has been an increasedinterestin developing

high-order, time-accurate methods'~7 suitable for wave prop-
agation, direct numerical simulation (DNS), and large eddy sim-
ulations (LES) of high-Reynolds-number, turbulent, compressible
flows. High-resolution calculations with second-order-accurae-in-
space implicit, finite difference and finite volume schemes often
use iterative procedures to converge the solution within each im-
plicittime step and rely on the high-order-accurate-inspace method,
which is used for the discretization of the convective and vis-
cous terms, to accurately represent the flow physics. For example,
high-resolutionsimulations of wall-bounded flows in domains with
stretched meshes*® used factorized, implicit, iterative schemes. The
implicit operators had a lower order of accuracy in space than the
convective fluxes; therefore, additional subiterations within each
physical time step were used during the computations to obtain
time accuracy,remove factorizationerrors, and reduce errors caused
by the low spatial order of accuracy of the implicit operators. As
an alternative, the implicit schemes of Refs. 1, 3, and 6, which
achieve high-order accuracy in space at no significant additional
computing cost, can be used to perform these high-resolution cal-
culations. Both unfactored and factorized implicit algorithms for
nonlinear problems introduce linearization, and they are limited to
second-order accuracy in time. High-order-accurate-inspace im-
plicit operators, however, introduce smaller dispersion errors than
second-order-accurae-in-space implicit methods. Therefore, they
are more suitablenot only for long time integrationinvolvedin LES
but also for unsteady flow simulations in aerodynamics and other
time-dependent flows. As a result, for unsteady problems, such as
unsteady aerodynamics of rotor wakes, where space resolution is
important, preservation of phase characteristicsis required, and low
numerical diffusion is critical. Significant advantages are expected
from applications of high-order implicit methods.

Space discretization methods for hyperbolic-type equations are
based on their semidiscrete form. This is the method of lines ap-
proach where we concentrateon the spatial discretizationand retain
the time variable continuous. Explicit time integration methods do
not interfere with the spatial order of accuracy of the semidiscrete
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form. They are easierto analyzeand can providehigh-order-accurate
time discretizations, but they have numerical stability limitations.
Implicitmethods, on the other hand, introduce flux linearizationand
are usually second-order-accurae-in-time and more dispersive than
high-order Runge-Kutta schemes, but they have no severe stability
limitations. Second-ordertime accuracy is sufficient for simulations
in unsteady aerodynamics and many wave propagation problems.
A high-order of accuracy in space is employed as a more effective
means of obtaining high resolution and good phase preservation
characteristics at a reduced computing cost. It has been argued in
Ref. 10 and references therein that accurate, steady-state and un-
steady flow computational fluid dynamics (CFD) numerical simu-
lations can be achieved with less computing effort by using glob-
ally high-order-accuratespace discretizations. During the past few
decades, many methods have been developed for the evaluation of
the right-hand-side convective terms of the semidiscrete form with
a high order of accuracy. Development and application of efficient
and accurate implicit time integration schemes with these space dis-
cretization methods remain a challenge.!3-®

Explicit and implicit time-marching methods are currently used
in CFD for time integration of the compressible flow governing
equations. Efficient explicit time integration methods require multi-
grid acceleration. These techniques have been applied in CFD
to both steady-state'! and time-accurate computations'> with a
second-order-accurae-in-spacediscretization.Implicit time march-
ing has been performed with unfactored schemes'? and with al-
ternating direction implicit (ADI) methods, such as the Beam-
Warming'# algorithm. The Beam-Warming algorithm uses either
central second-order-accuratedifferentiationin space with added ar-
tificial dissipation'” or first-order-accurateupwinding ®!¢ The accu-
racy, efficiency,and convergencecharacteristicsof implicit schemes
can be improved by application of high-order discretization meth-
ods for the implicitoperators. High-resolutionschemes that provide
a high order of accuracy in space for both the implicit and explicit
operators, such as the fourth-order compact schemes recently pre-
sented by Abarbanel and Kumar' and Yee® and the implicit high-
order-accurate-in-spae schemes developed in this paper, can be
used to improve the level of accuracy and solution at a given mesh
size and to achieve faster convergence and high resolution.

The ability of high-order-accurate-n-space implicit schemes to
compute efficiently and accurately time-dependentnumerical solu-
tions of linear and nonlinear problems was demonstratedin Ref. 6.
Inthe presentpaper, high-orderimplicitschemesare extendedto up-
wind methods; they are appliedto curvilinearcoordinatesin general
geometries; and they are used to obtain numerical solutions of prob-
lems relevant to aerodynamics. Specifically, in Sec. II we develop
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ADI, third- and fourth-order-accuratein-space schemes for the Eu-
ler and Navier-Stokes equations. The resolution characteristics of
discretization schemes are analyzed in Sec. III. The convergence
characteristics of implicit schemes are illustrated for the case of
the linear advection operator in Sec. IV. The improved convergence
characteristics of the new high-order algorithms are demonstrated
by performing comparisons with numerical solutions obtained from
standard second-order-accuratein-space implicit central-difference
methods and upwind-biased implicit schemes. The new implicit
schemes are easy to implement with existing implicit flow solvers
(see Sec. V) and can be applied for time advancement of unsteady
numerical simulations with large time steps and faster convergence
to a steady state. Computed results are shown in Sec. VI, where
examples of convergence tests for subsonic and transonic flow so-
lutions are shown.

II. Implicit High-Order Schemes
A. Compact Space Discretization

A high order of accuracy in space can be used as an alternativeto
gridresolution'® for aerodynamic flow calculations.High-resolution
numerical simulations of complex time-dependent flows also re-
quire high-order-accurate-n-space discretizations because numeri-
cal approximationsto the convectiveterms of the Euler and Navier-
Stokes equationsgiverise to dispersiveerrors. For central-difference
schemes, the dispersive errors are contributed mostly by the third
derivative terms of the modified equation. Therefore, fourth-order
spatially accurate algorithms not only achieve better accuracy but
also yield less numerical diffusion by having better dispersive prop-
erties.

High-order-accurate spatial discretization of the right-hand side
in semidiscrete form can be achieved by using small-stencil-size,
centered,compactschemes.!” These schemes do not require as wide
a stencil as the explicit finite difference schemes but evaluate the
spatial derivatives in a coupled fashion that implies solution of a
tridiagonal or larger bandwidth system of linear equations. For ex-
ample, the first derivative F’ of a function F is computed with the
fourth-order-accuratecompact scheme for an equally spaced mesh
with Ax =1 as follows:

‘7:;'_1+4'7:;'+'7:;’+1=3(‘7:j+1_‘7:j—1) (1)

Evaluation of fourth-order-accurat first derivatives with Eq. (1) re-
quires a scalar tridiagonal matrix inversion, which is obtained effi-
ciently. A three-pointstencil is involved in Eq. (1) as in the explicit
second-order-accurat central differencing formula. Computing a
first derivative with sixth-order accuracy!” also requires inversion
of a tridiagonal matrix but involves a larger, five-pointstencil. Com-
pact schemes can be applied for the entire computational domain
using the one-sided formulas, which were presented by Carpenter
et al.!® for high-order compact schemes.

B. ADI Implicit Algorithms

Explicit schemes such as Runge-Kutta methods can yield a high
order of accuracy in time, and they are the methods of choice for
wave propagation problems’ An implicit algorithm, which pro-
vides a higher order of accuracy for time integration, is the fourth-
order method for time integration of wave problems proposed by de
Froutos and Sanz-Serna.” Each physical time step of this method is a
successionof threeimplicitmidpointrule time integrationsteps. Ap-
plication of this method to the nonlinear gasdynamic equations re-
quiresthateachintermediatestep be carried out with a suitablesubit-
eration process until a certain convergence criterion is fulfilled, a
requirement that makes the method very intensive computationally.
Therefore, implicittime integrationin CFD codes is performed with
methods that use linearization of the convective terms as F"*! =
F"+ (0F/0Q)"(Q"*! — Q") + O(An?* =F"+ A"AQ" + O(At)?
and application of relaxation methods or approximate factorization.
Flux linearization limits time accuracy to at most second order.
Therefore,in the following sections an order of accuracy higher than
second refers only to space discretizations. Factorized algorithms
involve sweeps along each coordinate direction by implicit opera-
tors, such as [I + h5§A,‘7,~]. Factorization errors can be reduced with
the iterative form of the Beam-Warming algorithm,? which can be

used for time-accurate computations with centered finite difference
or finite volume methods.

C. Block-Tridiagonal High-Order Algorithm
The left-hand-side differentiations 6:A; ; of the centered block-
tridiagonal Beam-Warming algorithm'* or its diagonalized form,'”
which requires scalar tridiagonal matrix inversions, are evaluated
using second-order accurate central differences. Second-order im-
plicit smoothing'? is added for numerical stability. For upwind dis-
cretization of the right-hand side, a first-order-accurate upwinding
of the flux-spli?® Jacobians as in Refs. 8 and 16 can be applied,
and no implicit smoothing is needed for numerical stability. For
both cases, along each line, only three-point stencils are involved,
and a block-tridiagonal structure of the implicit operators is re-
tained. Tridiagonal structure of the implicit factors yields a signifi-
cant advantage in computing speed because inversion is performed
efficiently. Recently, time-accurate, high-resolution computations
were performed* where the right-hand-side derivatives were com-
putedusing high-ordercompact schemes, and the implicit operators
were second-order accurate in space. Internal subiterations within
each physical time step were used to drive the residualsto zero. The
accuracy and efficiency of implicit algorithms, which are fourth-
order accurate in space, were demonstratedin Ref. 6. Implicit time
advancement with high-order-accurate-n-space operators helps to
reduce the number of internal subiterations and improves conver-
gence characteristics of the time integration. The block-tridiagonal
structure of the implicit operators is retained by using compact dif-
ferentiationformulas for the evaluationof the first-orderderivatives.
The computationof the derivativesin the implicitoperatorsis carried
out using the following fourth-order-accuratecompact formula:
[AAQN) T _, ; + 4AAQYT ; + [AAQN"];

-1, i+1,j
=3{[A(AQ")"]i+1,; — [A(AQ)")i- 1) )

In Eq. (2), [ denotes a spatial derivative that is evaluated with
fourth-order accuracy and a three-point, compact stencil. Using
Eq. (2)toevaluatethe spatial derivatives,we obtainan algorithmthat
is fourth-order accurate in space and retains the block-tridiagonal
matrix structure for the implicit operatorsbecauseit only uses three-
point stencils as follows:

(I = 3hA; -1 )AQH!_, , +4(AQM!,
+(I+3hA; 1 ))(AQN!,, , =R/_,, +4R], + R, |, =R
(I = 3hB; ;- )AQ!, _, +4AQ, + (I +3hB, ;. )AQ! |
=(AQY!,_, +4AQY)!, +(AQM! 3)

Spatial derivativesin the R} ; terms of Eq. (3) are computed with the
fourth-order-accuratecompact scheme of Eq. (1) to achieve a glob-
ally fourth-order-accuratein-space algorithm. The temporal accu-
racy of the new algorithm given by Eq. (3) is at most second order
as in the original Beam-Warming algorithm.!* The fourth-order-
accurate-in-space algorithm of Eq. (3) requires only a few more
multiplications and additions compared to the original ADI algo-
rithm of Ref. 14, where the left-hand-sideoperatorsare second-order
accurate in space. Therefore, substantial savings in computer time
canbe obtainedbecauseitis notnecessaryto performa largenumber
of subiterations for high-order-accuratesolutions. Numerical exper-
iments have shown that, for time-accurate solutions, factorization
and linearizationerrors are removed with only one additional subit-
eration.

D. Diagonalized High-Order Algorithm

Pulliam and Chaussee'® diagonalized the block matrices as A =
TglA\ng_l and B = T,,A,,T,;l , where the /A\g and A,, are diagonal
eigenvalue matrices. The implicit operators of the diagonalized al-
gorithm have the form {T¢[I + 71 5:A£]}. They are scalar tridiagonal
and, during the & and 1 sweeps, the equations are solved in a decou-
pled fashion by independentscalar tridiagonalinversions. The latter
were found to be from three to four times faster than the block tridi-
agonal algorithm inversions. Unfortunately, however, the diagonal
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algorithmis only first-orderaccuratein time. Second-ordertime ac-
curacy can be obtained if the diagonal algorithmis combined with a
dual-time-step subiteration scheme. Time-marching schemes with
internal subiterations were proposed for time-accurate solutions of
incompressible flows with the artificial compressibility method by
Merkle and Athavale?! for explicitinner subiterations.

Evaluation of the first-order derivatives with standard, fourth-
order-accurate, five-point-stencil, central-differencingformulas in-
creases the bandwidth of the left-hand-side operators, and the di-
agonalized scalar matrices become pentadiagonal. The inversion of
scalar pentadiagonal matrices is rather efficient, and the compu-
tational cost of the fourth-order-accuratediagonalized algorithm is
stillreasonable.For a higherorder of accuracy,however, the comput-
ing cost increases rapidly. Compact high-order-accurate-inspace
implicit operators as in Eq. (2) can be constructed to obtain fourth-
or sixth-order accuracy in space by inverting scalar tridiagonal or
pentadiagonalmatrices, respectively. The fourth-ordercompact dif-
ferentiation formula of Eq. (2), with A replacing A, applied for the
evaluation of the derivatives in the diagonalized algorithm, yields
the following one-dimensionaldiagonalized operators:

I = 3h(A9)i -1 1A@Y]_, ; + 4AQN)];

-1j
+[I+ 3I’Z(A§)i + 1,,']A(Q*):'l+1,j

= R" .+4Rl.'fl.+RT' =R}

i— 1) i+ 1)

(1= 3h(A,);; 1 )(AQ)!,_, +4(AQ)!,
+[I+ 3h(lA\,,),;,' + 1](AQ)Z,'+ 1

=(AQY;;_ +4(AQY)]; + (AQY)] “)

In this equation, the scalar tridiagonal structure of the implicit oper-
ators is retained and fourth-orderaccuracy in space is obtained. The
algorithm of Eq. (4) is only first-order accurate in time and suit-
able for steady-state calculations. Second-order accuracy in time
can be obtained by using dual time stepping. Use of the sixth-order-
accurate compactdifferencingfor the evaluationof the derivativesof
the left-hand side yields a sixth-order-accurateimplicit algorithm ®
Evaluation of the derivative with the sixth-order-accurate-inspace
compact scheme,!” even though it requires inversion of tridiagonal
matrices, involves a five-point stencil. Therefore, evaluation of the
spatial derivatives in the implicit operators with a formula simi-
lar to Eq. (2), which yields a sixth-order-accuratein-space implicit
scheme, involvesa five-pointstencil and requiresinversionof penta-
diagonal matrices.® For the sixth-order-accuratescheme, either the
order of accuracy on the computational boundaries is dropped to
fourth order or the boundary schemes of Ref. 18 are used.

E. Upwind Algorithms

High-order, upwind shock-capturingschemes were proven effec-
tive for the numerical solution of subsonic, transonic, and high-
speed supersonic compressible flows. High-order-accurateupwind
discretizationof the convective fluxes is performed with total varia-
tion diminishing (TVD) and essentially nonoscillatory schemes for
high-resolutionnumerical simulationsof flows thatcontaindisconti-
nuities. Highly stretchedmeshes are needed for resolutionof the near
wall flow gradients of large-Reynolds-number viscous flows, and
implicit schemes capable of marching the solution with large time
steps are usually employed. The evaluation of exact Jacobians for
upwind schemes is costly. Implicit forms of these upwind schemes
either evaluate the approximate Jacobians or use Steger-Warming
flux vector splitting.2’ To retain the block-tridiagonal structure of
the implicit operators, a first-order-accurate-inrspace upwinding is
applied. Numerical solutions obtained with algorithms that use the
Steger-Warming splitting of the flux Jacobian were found to be
accurate for both steady and time-dependent computations.'®

Implicit methods for upwind shock-capturing schemes based
on the Beam-Warming algorithm were used_in Refs. 8 and 16,
where the flux vector Jacobians A*; ; and B*,; were evaluated
approximately with flux vector splitting2° Evaluation of the flux-
split Jacobians consumes a large portion of the computing time

needed to advance the solution by one time step implicitly. As
an alternative, the implicit diagonalized algorithm!® with subit-
erations within each time step may be used. For convergence to
a steady state, the first-order-accurate-intime algorithm'® can be
used. For time-accurate computations, the second-order-accurate
in-time, dual-time-stepping algorithm is required. An upwind, di-
agonalized algorithm, where the space derivatives ;A and §,A,,
in the implicit, one-dimensional operators are evaluated with for-
ward and backward differencing formulas according to the sign of
the eigenvalues, is shown next. The viscous Jacobian M,;j does not
diagonalize simultaneously with the inviscid flux Jacobians, and for
viscous flow solutions the spectral radius of M can be added for
numerical stability.

1. Upwind-Biased Diagonal Algorithm

The implicit operator matrices retain tridiagonal structure when
the derivatives are evaluated using first-order upwinding formulas
asGA=AA =24 —X_ forA =0,and §:2 = V’A =2 — 4+
for A < 0. First-order upwinding is too diffusive, and third-order
accuracy in space can be obtained at the expense of performing
scalar tridiagonal matrix inversion when the spatial derivatives are
evaluated with the following upwind biased formulas:

Seh=ATA =Lt 434 =601+ Aio) 2 >0
5§l=vhl=é(—2&‘—1—3li+6li+1—li+2) A<0
%)

The upwind space differencing is inherently dissipative; therefore,
the addition of implicit smoothing terms suggestedin Ref. 15, which
are necessary for the central difference algorithms, is not required.
Addition of a small amount of implicit dissipation, however, en-
hances diagonal dominance, yields better stability, and allows vis-
cous flow solutions to advance with large time steps. The accuracy
of the computed steady-state solutions is unaffected by the implicit
smoothing.

2. Compact, Upwind Diagonal Algorithms
High-order accuracy in space can also be obtained by compact,
upwind space differentiationas follows:

th=f;—1 _Sf;+f;+1 =_%[3f/_4f/‘1 + fi-]

fo=f;_1_5f;+f;+1=%[3fj_4fj+1+fj+2] (6)

Either a backward or forward compact differentiationformula from
Eq. (6) is used, according to the sign of the eigenvalues. When we
use D/ for positive A and D? for negative A, the following compact
implicit scheme is obtained for the i sweep along & direction:

[—3(A0)i -2 J(AQH!_, , + [T+ 6(A); -1 I(AQH!_,

+[ =51 — 2(A0) (AQY!, + INAQY!, |

=R’

i—1,j

—5R!. + R}

J i+1,j

=R @

for positive eigenvalues with an analogous equation for negative
eigenvalues. The compact diagonalized algorithm of Eq. (7) and
the diagonalized algorithm obtained by applying the upwind space
discretization for the evaluation of &: and §, by the use of Eq. 5)
provide a higher order of accuracy in space, but they both require
matrix inversion of a bandwidth larger than three. The inversion of
these scalar matrices is obtained with standard lower-upperdecom-
position methods.

3. Compact Block-Tridiagonal Algorithm

Upwind compact schemes with centered grid stencils were de-
veloped by Adams and Shariff? and Zhong® for direct numerical
simulations of compressible turbulent flows. The order of accu-
racy of the centered, upwind, compact, finite difference schemes of
Ref. 5 is lower by one order than the maximum order of accuracy
thatanalogouscentral-differencecompact schemes can achieve. For
example, the general form of a third-order upwind scheme is
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A fl_ A+ AL
=*(Bi-1fic1+ Bifi + Biv1fi+1) ®)

where the +is for positive speeds and the — corresponds to neg-
ative wave speeds or eigenvalues. The coefficients of Eq. (8) are
A;+1=15(xkF 3), A; =60k and B;:+; =-15(xF 3), B; =60x.
For k=0 we obtain the standard, fourth-order-accurae, central,
compact, finite difference scheme of Eq. (1), and for x > 0, Eq. (8)
yields upwind biased schemes. Different resolution and numerical
diffusion is obtained by varying . The suggested value is k =0.4
(Ref. 5), which yields a resolutionin wave space comparable to the
resolution obtained by the fourth-order-accurate compact scheme
of Eq. (1) and very little dissipation compared to other upwind
schemes. A block-tridiagonalimplicit scheme can be obtained with
compact differentiation for the evaluation of flux-split matrix dif-
ferences V2 A*lj and Af A‘l _; using Eq. (8). The resulting third-
order-accurate upwind block- -tridiagonalimplicit scheme for the &
sweep along the i direction, which involves the flux Jacobian A*
is as follows:

(SIF 14hA%_, ) (AQY!_, , +

ij»
(161 = 4hA%, )(AQ",

+ (31 IOhA*lHI)(AQ

i+l

=5R} =Rj. )

i—1,j

; + 16R}, + 3R}, | ;
The diagonalizedthird-orderimplicit scheme, which requires scalar
tridiagonal matrix inversions, is readily obtained by Eq. (9) by sub-
stituting A*; ; with A, ;.

III. Spatial Resolution

In this section we show the resolving ability of the discretization
schemes used for the evaluation of the first derivative of the one-
dimensionalimplicitoperators. The resolvingability of each scheme
is defined in the Fourier space in terms of a modified wave number.
This method, which was introduced in Refs. 17 and 22, provides
a convenient means of quantifying the error associated with finite
difference schemes. It considers that the solution is represented by
a test sinusoidal function f; =e'*2%j where Ax; is the grid spacing
and k is the wave number. The exact value of the test solution first
derivative f is f! =ik f;, and the derivative computed with finite
differences will be ik f;, where k is the modified wave number. The
form of k depends on the difference formula that is used for the
evaluation of the derivative. The difference between k and k is a
measure of the scheme’s resolving ability.

The modified wave numbers are obtained when we use the re-
lations such as f/ e = f/ *ik for the space derivatives. The modi-
fied wave number of the compact scheme of Eq. (1), for example,
is obtained by f/[e”‘ +4+e ] =3f;(e* —e~*) or k =3sink/
(2+ cosk). The m0d1ﬁed wave numbers, k for various central-
differencing schemes used for the evaluatlon of the first deriva-
tive are as follows: second-order-accurae explicit evaluation, k =
sink; fourth-orderaccurate explicit evaluation, k‘ =(8 smk -
sin2k)/6; and fourth-order-accurae compact evaluatlon k e =
3sink/(2 + cosk). Upwind difference schemes are inherently dis-
sipative because they introduce numerical smoothing. As a result,
their modified wave number, k*, has an imaginary part that is pro-
portional to this smoothing and is a measure of the dispersive prop-
erties of these schemes. The modified wave numbers of the upwind
schemes, Kk, are as follows: first-order-accurateexplicitevaluation,
k” = sink = i(1 — cosk); third-order-accurateexplicit evaluation,
k” =[(8sink — sin2k) £ i(4cosk — cos2k —3)]/6; and third-
order-accurate compact evaluation, k” =3[(4sink — sin2k) =
i(4 cosk — cos2k —3)]/(10 — 4cosk). In these equations, the =+
sign refers to the forward and backward difference operators, re-
spectively. Note that the first-order upwind formula and the second-
order central-difference formula have the same resolving abil-
ity apart from the numerical diffusion term that is introduced
by the imaginary part. The implicit smoothing term added for
numerical stability of central-difference methods has the form
€EmpiPj(Dj+1 —2D; + D;_), where €y is a coefficient and p; is
the spectral radius of the flux Jacobian matrix. The modified wave
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Fig.1 Resolving ability of centered and upwind differencing schemes.
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Fig.2 Imaginary part of the modified wave number of upwind differ-
encing schemes.

numberof this term is proportionalto (1 — cosk), whichis theimag-
inary part of the first-order-accurateupwind formula k‘l‘e. Similarly,
the real part of the third-order, upwind-biased scheme is equal to
the modified wave number of the fourth-order, central-differencing
scheme.

Figure 1 shows the error of various schemes for the range of
wave numbers from O to 7. The real part of kv is plotted for the
upwind schemes. The sixth- and fourth-order, central, compact
schemes have the best resolution in the high wave numbers com-
pared to all other schemes. The third-order compact differencing
scheme has a lower resolving ability than the third-order, upwind-
biased explicit differencing formula, which has the same real part
as the modified wave number of the fourth-order centered scheme
that is symmetric and has no imaginary part. The imaginary part of
the upwind schemes is plotted in Fig. 2. The first-order scheme
is very diffusive. The compact, centered stencil scheme intro-
duces lower diffusion for high wave numbers, a feature that makes
it more suitable for high-resolution computations. For compari-
son, the imaginary part of the fifth-order upwind differencing for-
mula fj/ =[fj+3 - 6fj+2 + 1§fl+ 1= IOfI - 3fj—1]/12’ which
has modified wave number k =[(21 sink — 6sin2k + sin3k) =
(10 — 15 cosk + 6 cos 2k — cos3k)]/12, is plotted in Fig.2 to
demonstrate the superior performance of the compact operator.

IV. Stability and Convergence
It is shown in Ref. 6 that the fourth-order compact scheme is
unconditionally stable for two-dimensional linear hyperbolic prob-
lems, such as the two-dimensional wave equation. To furtherexplore
the properties of the proposed high-order-accurate implicit time-
marching methods, we perform an eigenspectrum analysis of the
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schemes for the simple case of the advectionoperator. It was pointed
outinRef. 22 thatthe simpleadvectionequationu, + cu, =0, where
c is a constant wave speed, is a good model for the description and
investigation of the properties of numerical approximations of hy-
perbolic systems.

The fourth-order-accurae, implicit compact scheme of Eq. (3) or
(4) applied to the scalar equation reduces to the following form:

(1=3ADAU!, +4U" +(1+3ADAU!, | = —AtcR'(U) (10)

where U" is the numerical approximationtou, AU =U/" b ur,
and R"(U) is the discrete form of the residual that is computed with
a fourth- or higher-order compact scheme. The asymptotic stability
of numerical methods for the equation u, + cu, =0 is determined
from the semidiscrete form (a set of equations du;/dt =c M, u;,
where u/, =M u;) by inspection of the eigenvalue spectrum of the
matrix M resulting from the spatial discretization of the deriva-
tive u, with finite differences. Similarly, the asymptotic stability of
the implicit numerical scheme given by Eq. (10) is determined by
AU; =—=(cAt)D U} and the eigenvalues of the matrix D, which is
defined by

du Au;

— =~ — = —¢(A7'B)U" = —=cDU" 11
dr At o . Rt (1D

where A is the implicit tridiagonal operator matrix for the fourth-
order compact scheme. The diagonal elements of this matrix are
a;; =4 and the upper and lower off-diagonal elements are given
by 7* =1=3At, respectively. The matrix B depends on the
method used for the discretization of u#,. The numerical scheme
for u, + cu, =0 is unconditionally stable when the eigenvalues of
D are all negative. For periodic boundary conditions and equally
spaced mesh, the convergence rate is independent of the number
of intervals. The convergencerate is affected, however, by the dis-
cretization method and increases with increasing At. The eigen-
value spectrum of D in Eq. (11) was computed for different values
of At and number of points. It was shown that the shape of the
eigenspectrumis not affected by the number of points used for the
discretization? For clarity, however, the eigenspectraof Fig. 3 are
drawn with 25 points. Larger time steps resultin more rapid conver-
gence.InFig. 3, the eigenspectrumobtained by the implicit compact
scheme of Eq. (10), for At =0.1, is compared with the eigenspectra
obtained by the application of the second-order-accurae-in-space
Beam-Warming algorithm."* Figure 3 is a plot of the eigenspec-
trum of the implicit algorithm that uses fourth-order explicit for-
mulas for the evaluation of &, in both the residual term R and the
implicit operator. This scheme requires a pentadiagonal matrix in-
version. Faster convergence is achieved with the compact implicit
tridiagonal scheme. For the linear case convergenceis equivalentto
stability. For nonlinear systems, the Lax-Wendroff theorem?* guar-
antees that the solution to the conservative scheme, of the form
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Fig. 3 Eigenspectrum comparison for different implicit methods.

du/dt =—[f(u; +1/2) — f(u; —1/2)], if it converges, will converge
to a weak solution. The convergence of numerical schemes in mul-
tidimensional cases and nonlinear numerical fluxes f(u), which
are of interest to practical applications, must be demonstrated with
numerical tests. It will be shown in the results section that these
findings for the simple advection operator, u, + cu, =0, carry over
to the more complex nonlinear case of the numerical solutions of
the Euler and Navier-Stokes equations in curvilinear meshes.

V. Implementation

High-order-accurate-inspace numerical solutions require
smooth meshes. For consistency, the metric terms, &,, &,, etc., are
evaluated with the same order of accuracy and method as the one
used for the discretization of the convective terms. For example,
in solutions that were computed with the fourth-order-accuratein-
space implicit scheme of Eq. (3), both the convective and metric
terms are evaluated with the fourth-order,compact differencing for-
mula of Eq. (1). The boundary closuresof Ref. 18 were used to com-
pute the metrics at the boundaries of the domain. It was found that
excessivegrid stretchingand nonsmoothgrids yieldnumerical oscil-
lations, degrade convergence, and result in loss of accuracy. For the
upwind methods, the order of accuracy of the metrics is chosen ac-
cordingto the resolvingability of the scheme. For the first- and third-
order-accurate-in-spae schemes, the metrics are computed with
central differences, whereas for the third-order scheme of Eq. (7),
fourth-order-accuratemetrics are needed.

A. Boundary Treatment

The fourth-order-accuratein-space, implicit algorithms of
Eqgs. (3) and (4) can be applied in the computational domain
for mesh points between i =2, i =1I,,—1 and j=2, j=
Jmax — 1, because the modified right-hand-side residual term
R,"l,,'4 =R!_ T 4R?,,~ + R, L of Eq. (3) is evaluated with a three-
point stencil. During the I sweep, the values of R, ; and R, ;
in R} are needed for the inversion. The residual terms at the
boundary points can be computed with the one-sided compact op-
erators developed by Carpenter et al.'"® At the open boundaries
of the domain we can also supply boundary conditions in dif-
ferential form (see, for example, Ref. 25). The results presented
in the next section were obtained using simple explicit bound-
ary conditions. For an explicit update of the computational do-
main boundaries, the residual term R; ; is zero at the edges of the
domain (i =1 and i = I, for all j and for j =1 and j = Jyux
for all 7). Values of the intermediate term (AQ*); ; at j =1 and
J =Jmax can be obtained during the i sweep, which is carried out
for i =2, I,,x« — 1 and for all j, by setting R, ; = R, ; =0 at
J =1 and Jpy, in the modified residual term R). During the j
sweep, the terms (AQ*); ; and (AQ™); ; max Needed for the evalua-
tion of (AQ")s =(AQ"); ;-1 +4(AQ");; + (AQ");  + are avail-
able. This explicitupdate of the boundary points is straightforward
to implement and was found to be stable for the implicit compact
solvers. The implicit higher-order-accuratecompact solvers require
only a moderate (approximately 10%) increase in computing cost
because they require a larger operation count for the formation of
the coefficient matrices.

B. Filtering and Numerical Smoothing

Numerical solutions of nonlinear problems require damping of
high-frequency modes that are not resolved by the numerical mesh.
This is accomplished either by using numerical dissipation or by
applying spatial filtering to the solution vector. Consistent with
the compact space discretization are the compact filtering schemes
suggested in Refs. 4 and 17. Implicit seven-point filter formulas
were suggested in Ref. 17, where a sixth-order pentadiagonal and
a fourth-order tridiagonal spatial filter were shown. Tridiagonal 8-
and 10-order filters were used in Ref. 4. These implicit filters obtain
the filtered values of the conserved variables ¢ from the unfiltered
values g by solving

N
an
aggi 1+ g taggi = Z 7(%‘” +qi_,) (12)

n=0
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This is an Nth-order filter with a 2N + 1 point stencil. The coef-
ficients for the tridiagonal 8th-order and 10th-order filters can be
found in Ref. 4. Filtering is applied sequentially one direction at
a time, on the conserved variables, after each subiteration for im-
plicit time integration. Implicit second-order filters can be obtained
fromEq. (12). These filters require three-pointstencils, and for large
values of the parameter a; have good spectral characteristics; not
filtering out wave numbers less than 7/2. Therefore, at the compu-
tational domain boundaries, instead of using one-sided, high-order
explicit filters, the filter order is reduced and improved low dissipa-
tion spectral characteristics are obtained by increasing the value of
the parameter a, as is suggested in Ref. 4. A detailed investigation
of the effect of numerical filtering has been presented in Ref. 4.

Second-order-accurate solutions were obtained with the stan-
dard explicit dissipation given in Ref. 15. Solutions that include
discontinuities and evaluate the convective derivatives with fourth-
order-accurate central differences use a blending of second- and
sixth-order-explicit dissipation terms. The second-order terms
are active only in the vicinity of discontinuities. The follow-
ing sixth-order operator is always active for numerical stability;
DIL)I =VXPA(_ECXPIAXVXAXVXqui,j)’ where PA =(pz +1,j + pi,j)’
pi,j is the spectral radius of A, and €. is chosen, as suggested
in Ref. 15.

VI. Results

The second-order-accuratein-time, high-order-accurate-in
space implicit time-marching schemes of Eqs. (3-5) presented in
the preceding sections are tested for inviscid and viscous flow
numerical solutions over a NACA-0012 airfoil at subsonic and
transonicspeeds. High-order-accurate-inspace numerical solutions
with sparsergrids were in agreementwith results obtained from stan-
dard second-order-accurae methods and finer grids. The accuracy
of second-order-in-spaceimplicit methods is well established, and
detailed comparisons are not shown. In Refs. 4 and 6 it was demon-
strated that use of high-ordercompact schemes for the discretization
of theright-hand-sideconvectiveterms can yield significant savings
in the total number of grid points required for an accurate solu-
tion. It was also shown that high-order-accurate-n-space methods
are more effective in convecting vorticity to long distances without
distortion¢ The physics of the problem are governed by the ac-
curacy and the method that is used to evaluate the right-hand-side
terms. Increasing the number of subiterations within each physical
time step for time-accuratecomputationsor the total number of iter-
ations for steady-statesolutions can yield highly accurate solutions,
provided that the computationsare well resolved either by high grid
resolutionor a high order of accuracyand the numerical scheme con-
verges. The objective of this section is to demonstrate that the new
high-order-accuratedin-space implicit schemes converge at least as
fast as their standard lower-order-accuratecounterparts. Illustrative
examples of this section demonstrate the convergence rates of the
proposedimplicit schemesin the same sequencein which they were
presentedin Sec. II1.

The fourth-order-accurateimplicit scheme of Eq. (3) is tested for
viscous and inviscid flow solutions. Inviscid flow solutions over the
NACA-0012 airfoil are obtained for all cases with the same time
step on a 201 X 41 point grid at an angle of incidence a =5 deg.
The surface pressure coefficient obtained from steady-state com-
putations with the second-order-accuratein-space Beam-Warming
algorithm,'* the compact fourth-order-accuratein-space implicit
scheme of Eq. (3), the diagonalized scheme,'® and the compact
fourth-order-accuratein-space diagonalized scheme of Eq. (4) are
in agreement within plotting accuracy. The computed surface pres-
sure coefficient distribution (shown in Ref. 23) was in good agree-
ment with the experiment.? It was possible to obtain the same level
of accuracy achieved with computations on the 201 X 41 point grid
using a 151 X 31 point grid with the high-orderscheme.

The following comparisons demonstrate that the new high-order
schemes, in addition to accuracy, yield a faster convergence com-
pared to lower-order methods. The rate of convergence of the
compact scheme, although faster than the second-order-accurae-
in-space schemes (Fig. 4), still remains algebraic. Therefore, if con-
vergence is like 1/(N/7) for all implicit schemes, the exponent y
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Fig. 4 Convergence of the block-tridiagonal implicit algorithms for
inviscid flow solutions at subsonic speeds; M = 0.3, o = 5 deg, inviscid.

is larger for the compact, fourth-order-accuratein-space scheme.
The convergence rates of Fig. 4 for numerical solutions of inviscid
flow that are obtained with block-tridiagonal algorithms are mea-
sured by the maximum, L, norm of the density residual. The solu-
tions obtained with the second-order-accuratein-space tridiagonal
algorithm!# for implicit time marching and a different order of ac-
curacy on the right-hand side show the same rate of convergence
after the initial transients are removed, for example, after T = 1.
The solution obtained with the fourth-order-accuratein-space com-
pact implicit scheme for time marching, and use of fourth-order-
accurate-in-space compact differentiation for the right-hand-side
convective terms, shows a convergencerate approximately an order
of magnitude faster than the solutions obtained with second-order-
accurate-in-space implicit scheme. Fourth-order-accurate subsonic
flow solutions were obtained using implicit filtering and the high-
order numerical dissipation. The accuracy and convergence of the
numerical solution was the same in both cases.

The fourth-order-accuratein-space, ADI algorithm of Eq. (3)
is also used for the computation of viscous flow solutions over a
NACA-0012 airfoil. A 201 X 91 point grid is used for viscous flow
solutions, which are obtained for Re =5.0 X 10° as fully turbulent
using the algebraic eddy viscosity model of Ref. 27. The thin-layer
approximation of the viscous terms?’ is used. The viscous terms
are added to the implicit part for the j sweep along the normal
to wall 7 direction. The inviscid and viscous flux matrices do not
diagonalize simultaneously. Therefore, the diagonalized algorithm
cannot include the viscous fluxes. Viscous flow solutions with the
diagonalized algorithm can be obtained, probably with a smaller
time step, by adding the spectral radius of the viscous matrix to
the j sweep implicit operator. Fourth-order accuracy in space for
the viscous terms can be obtained either by computing the second-
order derivative using explicit or compact differencing formulas or
by evaluating the first-order derivative twice. Recently, in Ref. 28,
a class of new compact high-resolution schemes was introduced.
These schemes compute simultaneously the first and second deriva-
tive and achieve better resolution in wave space than the compact
schemes of Ref. 17 for the same order of accuracy and stencil width.

A comparison of convergence rates for viscous flow solutions
obtained by block-tridiagonal algorithms is shown in Fig. 5. The
solutions computed with second-order spatial accuracy on the im-
plicit operator have the same asymptotic convergence, whereas the
fourth-order implicit compact scheme has faster convergence for
viscous highly stretched meshes. Convergence rates for transonic
inviscid flow solutions over the NACA-0012 airfoil are shown in
Fig. 6. These solutions were obtained with the explicit smoothing.
The same trends observed for subsonic flow carry over to flow solu-
tions with discontinuities. It is illustrative to show the convergence
rate of transonic flow solutions with the maximum residual. For
these cases the maximum residual occurs at the shock, and as the
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transonic speeds; M =0.8, o= 0.1 deg, inviscid.
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Fig.9 Convergence rate of the diagonalized implicit algorithm for in-
viscid flow solutions at subsonic speeds; M =0.3, o =5 deg, inviscid.

shock moves until it stabilizes, these residuals do not reduce. After
the shock attains a stationary position, the solution further con-
verges down to the truncationerror. A plot of convergencebased on
the maximum norm for transonic flow solutions is shown in Fig. 7.
Convergence rates for viscous flow solutions of transonic flow are
shown in Fig. 8.

Inviscid flow solutions with the centered diagonalized algorithm
of Eq. (4) are obtained for airfoil flows at subsonic and transonic
speeds. The convergencerates obtained for subsonic flow solutions
ata =5degareshowninFig.9. Faster convergenceis obtained with
the fourth-order compact, implicit scheme of Eq. (4). Similarly, for
transonic flow (Fig. 10), a faster convergence rate is obtained with
the algorithm of Eq. (4). The convergence rates of the diagonal al-
gorithms for upwind-biased schemes [Egs. (7) and (9)] are shown
next. Use of Roe or Osher Riemann solvers for the discretizationof
the right-hand-side convective terms does not show any difference
in the convergencerate or accuracy level of the computed solution.
Third-order accuracy in space is used for the evaluation of the in-
viscid terms as in Ref. 16. Convergence rates for inviscid flow at
subsonicspeeds are shown in Fig. 11; convergencerates for inviscid
flow at transonic speeds are shown in Fig. 12. For both subsonicand
transonic flow computations the diagonal high-order-accurate-in
space algorithms have similar convergence characteristics. These
convergence rates are analogous to the rate achieved by the first-
order accurate in space block-tridiagonal scheme.!® As expected,
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shock capturing of steady-state solutions is not affected by the time
integration method.

VII. Conclusions

High-order-accurate-inspace, implicit time integration schemes
for aerodynamic applicationshave been developed. These schemes
are based on implicitalternatingdirectionalgorithms,currently used
inmany CFD codesfor steady-stateand unsteady computations.The
time accuracy of the new algorithms is still at most second order
because of the linearization in time that is applied to the nonlinear
fluxes. High-order-accurateimplicit schemes are obtained by evalu-
ating the spatial derivatives of the implicit operators using compact
differencing schemes. As a result, the computing cost of the im-
plicitinversiondoes notincrease. Global highresolutionis obtained
when the convective terms in the right-hand-side residual terms
are computed with high-order-accurate methods. The new central-
difference algorithms have better convergence characteristics than
their second-order accurate in space counterparts. High-order im-
plicit ADI schemes that use explicit or compact upwind formulas
to achieve a high order of accuracy in space are also shown. Algo-
rithms that require scalar pentadiagonal matrix inversions achieve
fast convergence, and they are more efficient computationally than
block-tridiagonalfirst-order-accurate-in-pace algorithms.
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